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ABSTRACT

A kinetic equation for an inhomogeneous and non-isotropic plasma
is derived in the plasma limit. The treatment is based on the joint
solution of the first two members of the BBKGY hierarchy, and on a
linearization procedure about the unperturbed state. The unperturbed

distribution functions. fo(n) and %(n ,M',r-r'), are unspecified.

ar
Furthermore, the unperturbed pair correlation function,

%(n , ', I - 5 '), is eliminated in favor of the unperturbed one-
particle distribution function, f O(n). This elimination is accomplished
by solving the equation for ?0(17, n ',}; —'\1}:'). The resulting kinetic
equation is free from Bogolyubov's adiabatic hypothesis; therefore,
it is valid for arbitrary frequency. In the limiting case when the
frequency under consideration is much higher than the collision-
frequency, a general expression for the high-frequency electric con-
ductivity tensor is derived. From this general expression the results
for the homogeneous and isotropic case previously derived by
Klevans and Wu18, as well as the results for the thermodynamic

equilibriumn case derived by Oberman, Ron, and Dawson16 can be

recovered.
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PART I. THE KINETIC EQUATION

Chapter 1. Derivation of a Kinetic Equation for a Plasma.

1. Introduction
It is well-known that the BBKGY1 hierarchy of equations (which is

obtained by successive integrations of the Liouville equation) is a
systematic starting point to approach kinetic theory. Unfortunately,
this hierarchy is a chain of coupled equations which, so far, has hot
been decoupled rigorously for any non-equilibrium situation. However,
in case of the kinetic theory of plasmas, the equations have been ex-
pa.ndedz_5 in terms of the so-called plasma parameter, € = (n X:))_l,
where n is the particle density, and A

D

the inverse of the number of particles in a Debye sphere). For a

is the Debye length (i.e.,

high-temperature plasma, € is small, so that quantities like the
three particle correlation function which are of higher order in € can
be neglected. Based on this argument, the BBKGY hierarchy can be
truncated after the second equation. This resulis in a set of two
equations for f (the one-particle distribution function), and g(the
pair correlation function). Symbolically, the set of these equations

can be written as
V] =L[g] , (I-1)
M[g] = N[{] , (I-2)

where V, L, M, and N, are operators. In principle, Eq. (I-2)
1
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(together with suitable initial conditions) determine g in terms of f;
substitution into Eq. (I-1) yields .the desired kinetic equation. However,
the problem of obtaining a general solution of Eq. (I-2) without further
assumptions is too difficult to manage. Hence, many approximation
schemesz'8 have been contrived. Here, we only name two of them

which have connection with this thesis.

(1) The BGLs-5 (Balescu, Guernsey, and Lenard) approximation

(2) The Guernsey6 ""small-amplitude' approximation.

(1) The BGL approximation

Since the BGL-approximation is described extensively in the
Iiteraturel, we shall say only a few words about it. The BGL-approxi-
mation is based on the following assumptions: (a) the system is
spatially uniform, and (b) Bogolubov's adiabatic hypothesis; this
means that the one-particle distribution function remains stationary
on a time scale during which the two-particle distribution function
changes.

However, in high frequency phenomena (e.g., plasma oscillations,
or microwave propagation in a plasma) Bogolubov's adiabatic hypothesis
is not valid. Furthermore, the spatially inhomogeneous effects are
lost through the assumption of spatial uniformity. Thus, an alter-
native treatment is desired. This lead to the development of Guernsey's

""'small-amplitude' approximation.
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(2) Guernsey's ""small-amplitude'" approximation

Guernsey6 has shown that, if Eqs. (I-1) and (I-2) are linearized
about thermodynamic equilibrium, the resulting equation for the
linearized pair correlation function can be solved exactly in terms of
the one-particle distribution function. The one-particle distribution
function is now allowed to vary with time in an arbitrary way, and is
no longer "frozen' while the pair correlation function changes. The
substitution of the resulting expression into the linearized version of
Eq. (I-1) gives a so-called ""small amplitude" kinetic equation which
correctly describes mixed situations in which "collisional" and plasma-
oscillation effects both play an important part.

In this approach, the assumptions (a) and (b) (in the BGL-
appreximation) are replaced by a condition of small deviations from
thermodynamic equilibrium (electrons and ions have Maxwellian
distributions with equal temperature, and the two-particle distribution
function is Debye-Hiickel). In reality the condition of thermodynamic
equilibrium is usually not met. Inthis case a more general theory |
is desifable,

In this chapter we shall generalize Guernsey's "small-amplitude"
kinetic equation; by that we mean the following:

(1) The Maxwellian distribution function is replaced by an

arbitrary unperturbed one-particle distribution function, f 0(17),
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(2) The Debye-Hiickel distribution function is replaced by an

- arbitrary unperturbed two-particle distribution function
go(M, ', I - L'), where 7 = (y, 0), and o denotes the o-type

ions.

This allows us to eliminate the condition that the unperturbed state is
in thermodynamic equilibrium.

It should be mentioned that C.S. Wu8 has used an operator method7
to approach this approximation, and has developed a "useful' operator

for the same purpose.

2a. Basic Equations

We consider a gas of charged particles interacting only through a
Coulomb potential. An arbitrary number of ion types is assumed, with
NO ions of type o (charge e, mass mo). A "small" electric field,
Ea(E, t), is applied to the system; by ""small" we mean that under the
influence of the field, the system has only "small" departures from its
unperturbed state. The system is described in general by the Liouville
equation, or the BBKGY hierarchy of equations derived from it by inte-
grating over the coordinates and momenta of all but one particle, two
particles, etc. To first order in the plasma parameter, €= (n %)_1,
the system may be described by the one-particle distribution function

f(y, t) and the pair correlation function g(y, y', t) [withy = (v, £, 0)]
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which satisfy the following first two members of the truncated hierarchy
equationslz (The hierarchy is truncated in the usualz-4 way by keeping

only terms which are formally of zeroth and first order in €.)

= |y e 3y ) HL YD) o
B v 3 v 3)908, 4.0)
= el ) S oftn £ -9 ¥y
+3feoldy esGly v't) @x‘ Eif—lﬂ (-2-2)

where the symbol {yo—-y'} means that the expression in the curved

brace has the primed and un-primed quantities interchanged,
5(14& Ejd,[',‘(d)(, >
p=

E(tt)=Eds t) dee"w (38 o)

and the normalization has been chosen such that

jd! J dr f(E, ) &) 0)=N

Under the assumption of small departure from the unperturbed

e

(I-3)
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state, Eqs. (I-1-a) and (I-2-a) may be linearized by setting

£y, t) = fo(n) + f1(Y9 t) ,
gy, v t) =gy, n', x -z) +g,0, ¥, Y, (-9

n=(v, 0) ,

where fo and 8o designate, respectively, the one-particle distribution
function and pair correlation function of the unperturbed state, and

f 1 and g, are their perturbed parts; with

] <] -+ |&1] << |8

Now, we substitute the expression (I-4) into Eqs. (I-1-a) and (I-2-a),
and ignore second-order terms in f1 and g, as well as terms like
Ef1 and Egl ; then we obtain the following set of linear integro-

differential equations for, go, fl’ and I

:(%&fzﬁ(z)‘[cafo(% e )*f‘%f"“"f brealire ")J}

Y] @-5)

5
(‘3? 2 33)1( (%, 1)+ FEElL,t)- ?—Mﬁ(’{) (1-6)

ey 3 4\ 2 ,
T Mg d'ye‘r(ar/ I.E-x'\)'aM %1 (%) %) t)




Bvpisag i) (1]

(I-7)

Equation (I-5) contains only the unperturbed quantities; we shall use it

to express g, in terms of f ., in the next chapter. In this chapter, we
0

0

shall concern ourselves with Eqs. (I-6) and (I-7).

2b. Reduction to Integral Equations
In order to deal with Eqs. (I-6) and (I-7), it is simpler to pass
from the (r, t) representation to the (k, w) representation by taking

Fourier-Laplace transforms. Defining

(00 Wt k) |
0 ,

(ot +E ')

'}(q)fg)w) = gdtjdg e {1 “a‘,t) (1-9)

and taking Fourier-Laplace transforms of Eqs. (I-6) and (I-7), we

cbtain the following set of equations:



(W+2¥)F (7, ]Q)w)——_t F(’Z)
4_ﬁ) ﬁ% P’Z%@(”{’Zﬁ% /é; )+L}7'(%) ) (1-10)

(W+ku kY TG, T b, 0) = (Gi, T 4, 8)
{“m = avMJ‘UZe G, K k) w} {Z:Z,}

’{‘“‘& ec’[:rsz? F bk w —&f@')z&og—g 701, 4k

- P!

Felest R 1O LT 1 ofine G i"ﬁ

+iql‘_.7_'} (1-11)
I

where the symbol {

4—)

} means that the immediately preceding ex-
pression in the curved brace has the primed and unprimed quantities

interchanged, and

Ekw)=Ealk,w) +4TL %qu”ef" ?(?") ,{;) ) X

(I-12)

L L (&L +AXL)
RURATIE Hd e 4,0

Fp)sfac € b0 }

(I-13)

Now, our task is te solve Eq. (I-11) by obtaining an expression of

\g in terms of J , k@ [F ]; then we substitute this\@ [’F] in Eq. (I-10)
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to obtain the desired kinetic equation. But by examining the form of
Eqs. (I-10) and (I-11), we find the following: (a) Eq. (I-11) indicates

that\% is completely determined by

k, k', w) , (I-14)

~7 e

| = | | |
G("7, l,s; L{,, w) -jdﬂ eog(ﬁ, 77 ’

(b) from Eq. (I-10) it is this quantity, G, which is needed for the

kinetic equation.

For convenience, we introduce the following notations:

Gy(n, k) Ejdn“ & Yo, 1), (-15)

Dot 4)= =4 2.8 Lm) g

~

QJlQ/

> and

L AP(O?) ,7; ﬁ)g)w)zﬁl(%ﬁifé)ﬁ)

{ Ler )7('7,,4&4‘,%4“)) %E( ﬁw) av?} '7)7) k)

+4TL S [ 1C(’7)+CT (7% }‘%’2 '3%/7 }7(672 Rk, w)}
S ipey
; & (I-17)

Then Eqs. (I-10) and (I-11) can be expressed as follows:
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(L) Tk, w):—zc E({é LO) ‘F n)

- l'é?()’fm«jdﬁ a-,y,G i é*,@;, f%\?’/ w) +4 37(7)% ), @-10-a)

/

(@t RGO A 8,0) = LR, 4, 4)0)

kDO(’Y ﬁ)G [12) ,,)(‘0) :DO(')I) ,7):@)%' (.0)

(I-11-a)

We further note that the Laplace transform defined in Eqs. (I-8)
and (I-9) requiresImw > 0. In order to simplify the calculations, we
let w approach the real axis from above (it is clear that the result can
then be analytically continued). From now on, we shall concern our-

selves with this limit. In this limit

(w+15-g+15'-2)}——> 27716 (w+k-v+k'-v')

where
S0= S50t £ Pl)

+4«-(

2

lll

+le (I-18)

with 6 (x) denoting the Dirac delta function and P the Cauchy principal

value. Equation (I-11-a) can then formally be rewritten as
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\GOUT 8 )= (w +hy +figvie)

Dl1t)

(b a 8- 2060 4,00~ B Ga 40|

(I-11-b)

In order to reduce to an integral equation for G, we multiply

Eq. (I-11-b) by e, and integrate it over 7'; the result is

£ D7, %) ,
{ ﬂfézgd7e (4 OJ'l'&VHE)}G(/?’%’ﬁ)w)

: % P, AL Dl X re AL 0)

(WHhy+gy+ic) TE ($y 4 oo+hy, +i€)

(I-19)

For convenience, we defined:

By -u-i€) (1-20)

, (i POTEE W)
F(1,£,%,0) = Lj;we‘" (w vty +€)

(I-21)

where the superscript * denotes complex conjugate. Then Eq. (I-19)

can be expressed (suppressing the argument, w in G, q,“f ) as
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= ‘fg-‘\j a ) 1/ .
DE4) GO A R) = GO, 04

Dol AN , 4 G, ;Q,I,ﬁ)
TAEK Sdﬂ Cs (el +00 +4V +i€)

(I-19-a)

This is a singular integral equation for G; we shall find its solution
by using a technique from the theory of singular integral equations

developed by Muskhelishvilig.

3. Solution to the Integral Equation
By examining Eq. (I-19-a) we find that the kernel of this integral
A
equation depends on v' only through the combination k' - v'. In fact

Eq. (I-19-a) can be written as

LA F)G(,4,£)= G, oK)
— DO(G?/@J&LM' 'G(wl f%,; @
|

Tk & W+ ij:} +ig) ’ (1-22)

where the "barring' operation is defined as

G', k', k) = |dn'e_ 0’ - k' v) G@', k', k) . (1-23)

Equation (I-22) shows that G is completely determined by G. By

perferming the barring operation on Eq. (I-22), we find
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NG RATATH WY

— (1-24)
-7 _Dolw)(,, £ G £ %
=g bR WO&,{ de (k’u’+co+4€u+w) '

where q, 50 are defined analogously to G. Changing the dummy

variable of integration from u'to - u', Eq. (I-24) becomes

2254 G g, 4)
_ _Q(_uz & G £ £) (I-24-a)
—%(u} &lé) ' 7%& ('/e’ W-hU-Le)

Since from Eq. (I-18)

lim 1
€~ O*(x; ie

)

=

)=iiﬂ[5(X)=F %P(

thus Eq. (I-24-a) may be rewritten as

NEE D G4, R = Glu kK

)
L’ﬁi(U){C (_w kU & & /.—PJ Cf(iﬁu&) } (1-24-b)
- e :

Furthermore, from the definitions of A and D, [ cf. Eq. (I-20)], we

ol
find
A=A, +iA (I-20-a)

with
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’ Q(UJ
Afwki=1+ o de (w—u) (I-25-2)
A, (uk) = % Dplu) (I-25-b)
and
A, (u ﬁ)
AfuR)=1+ "P‘gdu W) (1-25-c)

Hence, we may write Eq. (I-24-b) somewhat more explicitly as
x - N
N =22 £) G b 8)

)
JiA(“&){ (""f%“,fgfé LPJJ G,(?u%é)} (1-26)

= %(u/N;,é/).

Since Eq. (I-26) is to hold for arbitrary u, w, k, k', we may inter-
change k and k' then replace u by - [ (w + ku)/k'] (in this order) to

obtain a second equation

At t) G227 %) ¢
AN - — / -_ / L / G{u é )
N L IAOY R AL 1 T ers } v
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In Eq. (I-27) changing the dummy variable of integration from u' to

- u', we obtain

G (Z22, £ )

/

) (ot )G k) ‘*?JAU'————L———@}

(u'-u)
, (I-28)
- %( ,w ku ' As) ﬁi‘a)
Introducing the Hilbert transform operator
Gl ~,£)
H[G & ﬁ) _‘de (W-u)
= _a-Bu o g1 , Gl- u) £k ,Q) (1-29)
H[G’( &: )&;,&)]ZKPJ\ (u__ Q)-/‘é“)
£
then we may write Eqs. (I-26) and (I-28) as
A= G wE L
1 (I-26-a)

-tk ufe){cT(“"; ekt 4 - HGEE, !é',ﬁ)]}%’u, k),
Nk G (25 L

,k /~/~

7 -w-kU -28-a
—% 7 w-bh 4 '){G(uum\-l[ﬁ ]} t %u'ﬁzfi).a wee)

Multiplying Eq. (I-28-a) by k - then subtracting the resulting expres-

sion from Eq. (I-26-a), we find the following integral equation relating

G(u, k, k') and G(w—kkﬂ, k', 15):
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ﬂi —w ﬁu C A (-w—éu ﬁ,) H[G ﬁ’, ,é:l
k{ zrﬁt@y£HA(ubHB§ - %%J
Z Ai(u;&)ﬁ( A I8R5 2'77 X IRIZ

(I-30)

=G (uhk)- k% £.4).

The singular integral equation of type Eq. (I-30) has been studied
in considerable detail by Russian mathematiciansg. However, much of
the formalism may be dispensed with in our case, due to the nature
of the coefficients, Al’ A2
theory of Cauchy integrals:

We will need the following result from the

Let f(u) be any function satisfying a Holder condition on the real

axis. Then the complex function
F@=t| a2l (1-31)

is analytic except on the real axis, which is a branch cut, and
F0 - T - tw

,}(+)(u) + ?(—)(u) = - i H{f()] , (1-32)

where
FOwIm Fusio

. .11
Eq. (I-32) are known as Plemelj formulas. (cf. Muskhelishvili )
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Before starting to find the solution of Eq. (I-30), we note that its
coefficients Al’ A2-have the following interesting and helpful pro-

perties:
(@) From the definition of A[cf. to Eq. (I-25)]

A, =1+HA,)

(b) Since fO and its derivatives must vanish as Igl -

lim @ =1 lim

lu -0 210 lu| = o 22 =0

(c) It is assumed that Al(u), A 2(u) are not simultaneously zero

for any real u (this is certainly true if f, is Maxwellian).

0
We now turn to the solution of Eq. (I-30). We start by introducing

the following complex functions, which are known as Cauchy's integrals:

C(u & @
[[(2)= m (Tu,_z) (1-33)
-—a) k‘i /
-1 'KG /~ / 7)

P(Z) ZEL (u -7.) ’ (I-34)
( %(u,N,ﬁ)

bf2)= 27u)d -Z) - (1-35)
o b C —w-,kﬂ’ %’ ‘k)

SN IELE AT
e (W —Z) (1-36)
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4)
Diz, !%)E% —%gd ! (A(j uz) . (1-37)

Provided G and q satisfy H6lder conditions on the real axis these
functions are analytic except on the real axis, which is a branch cut.

As |Z| = « the I''s and the &'s approach zero, and

De -3 . (1-38)

As Z approaches a point u on the real axis from above and below,

we have the following Plemelj formulas:

r,%-r,Ow-8a k5 (1-39)
r, M) + r,Ow--imGe & k) (1-40)
L, - 1, 0w = E oS kL k), e
r,"w) + r," ) - - 1k5H[c';(""k—k“ k)] (1-42)

The relations between the limiting values of the ®'s are the same as
Eqs. (I-39) - (I-42) with T replaced by ® and G replaced by q; further
S(-’.)(u’ k) - ﬁ(-)(u’ k) =1i Az(u’ k) ’ (1'43)

;rb(+)(u, k) + ﬁ(')(u, k) =1+ H[A,(, k)] (1-44)
= Al(u’ k) ’
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Since these relations hold for arbitrary u, w, k, k', we may inter-
change k and k' and replace uby - [ (w + ku)/k'] in Eqs. (I-43) and
(I-44); then we take the complex conjugate of the resulting expressions

to obtain the following relations:

3“)2‘%‘% k) —3(')(*‘—“1}@, k)= —LAZ(%;&—“, %)  (@-43-a)

Dbl gy a9l ) = AES ) e
Using the Plemelj formulas, Eq. (I-30) may be written as

X ’ ' ¥ )
{ 2T O w-28 TGl + Bl - &, 8
45)

(I-
{8 7 % -2B A + BB} = 0.

Now the complex function

£ (2220 AL @292 0E0) + R -8 (4

is analytic everywhere except on the real axis and vanishes as |Z| - w.

But according to Eq. (I-45) the jump across the real axis is zero;
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therefore 51(Z) is analytic "everywhere". It follows that & 1(Z) must

be identically zero. Thus

-~ ¥ —w“&z — -
2D 7 ,%)C(z)—Z@(Z,%)E(Z)— @i(z) 432(74) (1-47)
The Plemelj formulas with Eq. (I-47) could be used to obtain an

explicit relationship between G(u, k, k') and G[ - (w +ku)/ k', k', k];
however, it proves to be more convenient to work with the I''s with the

help of Eq. (I-47). In order to obtain the desired function, G, we pro-

ceed as follows:

(1) We go back to Eq. (I-22), and rewrite it in terms of the
Hilbert transform operator. Then we use the Plemelj
formulas to eliminate G and H[ G] in favor of I''s. Thus

we obtain
N2k f)Gon, £, 8) = G148

ﬁ-,w]} )

+-,%Do%>{[ G- R0)+ [ + 13

or

Gk%)
¢tk , 2:De () 1%y (1-48)

i T T
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but from Eqs. (I-43-a) and (I-44-a)

b e

thus

%(’7,'\—/% L DM!&)F )

A( w,,fv ,) £2 A(._w év /) (1-50)

Gk k)=

(2) To determine I‘z, we return to Eq. (I-28-a) and use the

Plemelj formulas to express G, A, in terms of@ and I''s
) (+) ) . co— kU -)
29 tw ) -] +20 0,55 )T, T

= FEEEL),

using Eq. (I-47) to eliminate 1"1 in favor of I‘2

we find (for detailed steps see Appendix)

(I-51)

in Eq. (I-51),

) -
. 2 (u) _ ‘I—; (U)
@H‘)*(__:g/ééjg/ _&/) @H(Lali:ﬂ lré/)

- 3 {fi AR
M) N2 1) | €

20 “‘"k“ :‘i)[CIJUU) @()U)] 1 0) (1-52)
Acegﬁﬁw ‘
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Defining
o .
_ 1 (. Atw) o
(2)= —\d, ‘ )
)'(. ) 274 j :i u/_Z ) (I 53) |
and observing that
)((+)(U) - ){(')(u) =h(u) (I-54)

then we may rewrite Eq. (I-52) as

2w Sl 20w, “X'w
e, eI e

(

= 0.

Now the complex function

;(z)
(2)= - X((2) a-
E‘z z) 23( ofk/fz U . {1-56)

is analytic everywhere except on the real axis and vanishes as ‘
|Z| -~ 0. But Eq. (I-55) implies that the jump across the real
axis is zero; therefore Ez(Z) is analytic ""everywhere'. It

follows that &2(Z) must be identically zero. Thus

Ty(2) = Fy¥ TR KkZ k)){ O (1-57)

Letting Z approach the real axis from above, and using the
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definition of H, we obtain

) A —£Y; ﬁ(u)
[} (ky)= f) —w jdu v . )

Substituting Eqs. (I-58) and (I-52) into Eq. (I-50), we finally find

G, 4,8 = GO48)/00 (=L, ¥)

SR ﬁJ % G -w-buyk, 4. 4]
TR o f“(u B0 Lwh) [-m+ﬂeu)/1e,ﬁj (1-59)

U u _é -
SRR %v)i()ﬁ){ZA P ot }

where C is a path just below the real axis. Now, we proceed to simpli-

2

fy Eq. (I-59). By using the relations

ZiA2 )

1
2 A

1
= A »
| Al A

and
ﬁ%rw‘:&“ ¢ a)= 8-

we may write Eq. (I-59) as

)= — q;(,w) D"""&Jdu AR AD |
G(°7,~/~) -év b)) T o (u-By) A(u,&)f(i“’i,ﬁ-“—,é')

+..Do('7fé) d ;(U) @H{‘D
T4 (u-%w) A uR) A )
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Since the integrand of the last integral has no singularity in the lower-
half u-plane, and vanishes as lul - o; therefore, we may close its path
of integration in the lower-half plane with a large semi-circle; then
according to Cauchy's residue theorem, the last integral vanishes.

Thus

G(oﬂg &')_ %(%ﬁ/g) + :Dom,‘é) d @S‘%u) - @;ﬁ(u)
p Il T

= ldu
Aesty) TR ) e O e

(1-60)

In order to simplify Eq. (I-60), we use the definitions of q and &'s
[cf. Egs. (I-21), (I-35), and (I-36)]. As shown in Appendix we may

write

with

__(_,_.) .

7 —C\)-&u &%/):—‘_1 4duh i

_F( W —F ER '(27(6) du (u’-u+£€)(u”+w’;€u +1€)
N

{ Hd’lﬁrd']'&r’ Stk o M7, 4 s )} (1-63)

»

and p as defined in Eq. (I-17). The substitution of Eqs. (I-61) and

(I-62) into (I-60) yields




Gt k)= - 3 Pin, 225 R BN (2

= (= _ &u _
/P(u, w{ ;NIN) (1-64)

+2 (fe)fd
R T Dy ER Ty

Equation (I-64) gives an exact formal solution for the perturbed cor-

| relation function; in order to simplify it further, it is necessary to
\
; introduce the explicit form of p [cf. Eq. (I-17)]. The simplification

goes as follows:

By defining (note the argument w has been suppressed)

Em k k)=e Fm k+k) ,  (1-65)

Pk, K =G (0,7, & &)

+{%i‘*’“@f'ﬁ"">+6’omiﬁ'9%‘a'%? fv,ﬁ%’)—gr@,@s-ﬁvﬁd’z%’%”ﬁ

{ z::z} ’ (I-66)

we may rewrite Eq. (I-17) as

/P(’q ?77N’N)—‘P(°7 77//\///\-

(I-67)

"ﬂ?&bo% EE b+ -ﬁgDmfii')Ef? ~,§;)]

Then



B "kt g 4 =Pl L £ &)

4&’ )~ ~/

(1-68)

LA DIBE AL 4 ) + L DT E A )]

and

=(,-) = (-,-)

Pru, == = A E)=Pw, - —&u,ﬁ,f{)

- — ), oty - = (- ,
(AT 0E (e g g)+ 3 DO ETuA 0]

e Tand

or by using the relation

N

Bg-)(x, a) = aTi [a*(x, @) - 1]

F(U -w—&u fﬁ/ )— ?( 7-60_&“ ﬁ

[&5 (st kU g %)+&E”,~,~)}

(1-69)
L e ety otk ga AR

The substitution of Eqs. (I-68) and (I-69) into Eq. (I-64), yields

G4 =-Eent k) - F[leh ﬁ)]

r~/—v

[Pl =t 4 gy £DpE Tl ) Len g 0]

+%) ‘P(;’—ﬁ)_,@-““) [ﬁ&uém%i(’”*“&,{)]

5 (u-gx) LA-wrkw, £] A, k)

+ Doflk) f félicl)ufﬁ,ﬁ) + QZ f(uh‘é“)/fé fi ﬁ;]
T8 |0 e EDBuR “ (R AT, &) 1-70)
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Observing the last two integrals in Eq. (I-70), we note that the function

& ?Z«,N,b okl g

Nuk) 7 A(:QO_%;@,%)

has no singularity in the lower -half, (upper-half) u-plane and vanishes
as |ul - «; therefore, we may close the path of integration with a
large semi-circle in the lower-half, (upper-half) plane. According
to Cauchy's residue theorem the former vanishes and the latter is

equal to

_w_ A

2T L4 E( @/ k)
T e

ey

Therefore, Eq. (I-70) reduces to

SN y / \ -&’ -~ ‘ _’9"

Gk k== 7 COLEL)
/ - RS

2R (==  —w-kY , b N/ T A

-, TR A - mEO AR AR

~

.’- (_ -
co U(

2Dap . P ;L -k, Ia)~~ Lc,‘(:/fc/ )+L(, -_’,TL“I i /)l
T3 /; du v \
k) ‘,é'%)A“(:%tﬁ‘i,fé)A(u,ﬂ)

(I-71)

Equation (I-71) completely determines G (and hence the perturbation

‘G to the correlation function) in terms of the initial perturbation, S ,
3 I
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the unperturbed distribution functions, fO and 60, and ? (the perturba-
tion to the one-particle distribution function). Substitution of Eq. (I-71)
into Eq. (I-10) gives a kinetic equation for?, (i.e., the transform of
the kinetic equation for f) which is the plasma analog of the linearized
Boltzmann equation. However, it is more desirable to eliminate QO
from Eq. (I-71). This can be done by solving the linearized equation

for %S; 0’ Eq. (I-5). We shall carry out this task in the next chapter.




Chapter II. Solution to the Equation for the Unperturbed Pair
Correlation Function

As suggested in the preceding chapter, our procedure is to ex-
press the unperturbed pair correlation function,%, as a "function"
of f-O’ the unperturbed one-particle distribution function. Then, in
the third chapter, we shall use this result to simplify the quantity G,

which represents the "collisional" effect in the kinetic equation as

derived in the first chapter.

1. The "Connecting' Equation for the Unperturbed State and its
| Reduction to an Integral Equation

, We recall that the equation which links the unperturbed func-

' tions, g, and f . is Eq. (I-5)

0

Our immediate objective now is to solve for g, in terms of For

0
this purpose, we take the Fourier-Transform of Eq. (I-5) w, r, t,

(r - r'), and obtain

e oty (n)
v - e yﬁég? 'Ly ok 0 . ,
(.153’, .152’,) 0(7%"7 9,,19' 47Tm 9 5v [eO' fo (T])
ok ~

(I1-2)

+ d"?" eo.”% (77'577“9 '21\,{)]1 + {Z:':Z]_k) ‘}
J ~ ~ )

29
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Since

( .
ké = i(—,g) ‘X A Pt =0 Y
fo ' - ) = ) dx e Go ("5 %) =G> (",0'" X (1I-3)

Eq. (II-2) may be written in a somewhat compact form by employing

notations defined in Chapter I; i. e.

1/77k2
A
(ﬁ V—EL + ie)

& ) - {[DO 1) ¥, (1) - Dy (1,5 Fo ()]

(I1-4)
+ D, (', ) Gy (n, ) - Dy (0, ) G (n',,ls)}

where, we take € to be a small positive real number, which decides
the contour of integration in later calculations and then is put to zero

finally; moreover we let

Fom =e_f,(n) . (11-5)

From the form of Eq. (II-4), it is clear that?? is completely

determined by G In order to obtain an equation for G0 alone, one

o
multiplies Eq. (II-4) by eo' first, then integrates over n', and ob-

tains an integral equation for G

0
1 DO (T",k)
1-—5 |dn"e; "= G, (n, %)
Tk k-v - K. v'+ ie
L o~ . e
(11-6)
L1 C 1 J
| dte  [D, (n',k) Fy (1) - Dy (0, k) Fy (n")]
mk (kv -k-y'+ie |

- « '




Defining

(I1-7)

and using the notation A defined previously (Eq. I-20), Eq. (II-6) be-

- comes

N
A(k-x,k) GO (’r,,}g) = (ns,IS) + —T— dnv e !

o~

Since the kernel of this integral equation depends on v/ only in the

combination of :15 v', thus it is clear that G is completely deter-

0

mined by

-

Gy Wk =dne 6(-%3 G 0K ; (11-9)

in fact Eq. (II-8) may be converted into (suppressing the argument

k)

~

D, () | G * (u')
AR ) Gy )= () + —5— | du’ —— (11-10)
mk (u* - g-)\r/- i€) .

Performing the barring operation on Eq. (1I-10), one finds a one-

dimensional integral equation relating —GO and 60*
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— . E * .
Do ™ du' __O_ili (1I-11)
1rk2 (u' - u - ie)

AW Gy (W) =T )+

In order to solve Eq. (II-11), one writes A, ¢, 60 in terms of

their real and imaginary parts:

A=A, +iA E:fl+ifz, G.=G__+iG

1 2’ 0 01 02 . (I1-12)

One observes that through the definitions of { and the barring opera-

tion

uR>
s>
<

1
R
<

1
E,(u)=—||dne dn'e '[6 (u-k-v) o (k'
2 k2 o o) (II-13)

+[Dy, ") Fy (n) - Dy (n) Fyy (n")]
or
V') 5 (’%.x _ ‘g. xv)]

-h

ra 1 ' ' a
Cz(u)—p dn eodn e, [6 (u- k-

(I1-13a)
By interchanging n and n' in Eq. (II-13a) then
€y ) = || an e, aney o -y oy - o)
*[Dy (m) Fy (n') - Dy (n") Fyy (m)] (11-13b)
= -, (u),

So that

Tow) =0 (11-14)
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in other words € is a real function, Using this result and the previously

derived relation (Eq. I-25)

_20

2k2

A

one may express Eq. (II-11) in real and imaginary parts:

[4, (u) + iA2 (u)] [601 () + i G02 W] =¢ (u)

+ 4, (u) Jdu' E P(u' 1_ u) + 16 (u' - u:l [601 (u') - i—02 (u').]

U J
or in terms of the Hilbert transform operator, then (suppressing the

argument, u)

(4, Gyy -

A2 GO2) + i (Az GOl + Al GOZ)

p (I1-15)
_TA < T .ifle -wic 1
=LAy H [Gyyl + Gpg + 1 [Gm H LGozlj}

~

By equating the real and the imaginary parts of Eq. (II-15), one ob-

tains two integral equations

8,Gy -8, H[Gy |=T+4,T (11-16)

and

A, G._+A H[__G'02]=O , (1-17)

These singular integral equations have the general form as the

one we have encountered in the preceding chapter; therefore, they
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may be handled with the same techniques and treat them by a similar

method used previously. We shall solve them in the next section.

2. Solution to the Integral Equation

In order to solve Eq. (II-17), one introduces the complex func-

tion

IE

—= 1
G02 (Z) —2—]-‘-—1 du

then the corresponding Plemelj formulas are

.Y w-5

(-) =
02 0z W =G

02 (u) J

G, (0 + Ty, ) = - 1B [Gp, @]

Through these relations, Eq. (II-17) may be re-expressed as

®) () = [a, (@) - iA, @] Taol”) (

02 W

[a, @)+ ia, @] Ty,

1 2

One, now, needs the relations
255 () = A, @) + 14, W
1 2
and

2657 () = A, @) -8, (),

(I1-18)

(I-19)

(I1-20)

(11-21)

(I1-22)

(I1-23)

which have been derived in the preceding chapter (Egs. (I-43) and
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(I-44)). Substitution of Egs. (I -22) and ([I-23) into Eq. (II-21), yields
2 g @) ) g )
) G, @ - @3, w=o (11-24)
According to the theory of Cauchy integrals, the complex function
G5 @ =D @) Gy, @ (11-25)

is analytic everywhere except on the real axis and vanishes as
lz| ~. But Eq. ([1-24) indicates that the jump across the real
axis is zero; therefore 53 (z) is analytic everywhere. It follows

that g 3 (z) must be identically zero. Thus

43 (2) Gyy (2) = 0
However,

lim N _ 1
2] ~ oo (@) =3

according to the definition of & (z) (Eq. I-37); therefore

Consequently, through Eq. (II-19)
6, " w-5,7 w=-5,w=0 ; (1-27)
02 02 02 ’

in other words,

is a real function.
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As a result of the fact that -G-O (u) is real, Eq. (II-16) reduces to

A, @Gy (-4, @H[G) @] =T M. (1I-16a)

Precisely as in the proof of Eq. (II-27), it may be easily shown that

the corresponding homogeneous equation of Eq. (II-16a); i.e.,

A (u) 60 (u) - A, (u) H [_GO (w)]=0 (I1-16b)

has only a trivial solution. This implies that the solution to Eq.
(I1-16a) is unique.
Now, we consider the solution to Eq: (II-16a). Again, we intro-
duce a complex function
1 Gy (u)

GO (z) 2E=— |\ du

2mi u' -z (II-28)

Consequently the Plemelj formulas are

5, (-8, (=T, W),
(I1-29)

EO(+) (u) + EO(-) (w)=-iH [60 ()] .

Through these relations as well as those given by Egs. (11-22) and

(I1-23), Eq. (II-16a) reduces to
257 @G, -9 W @i-T; @0

or dividing Eq. (II-30) by
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Q*) (u) i)(_) (u) =%[A12 (u) + A22 (w)] =% la@l?40

then
=@ 5 )
G W - S0 W ) (11-31)
D w DWW lawl? .
Defining
_ 1 1 € (u)_|
T(2) E5— | du' (I1-32)
21TIJ (u -Z)[IA(u,)IzJ )
and observing that
T(+) (11) _ T(_) (u) _ ZC (u)z
|A (u)]
(11-33)
T(+) (u) + 'r(_) (uy=-iH AW (u)2
IO
then Eq. (II-31) can be re-written as
GO (u) (+) 0 (u) (-)
W - T (u) - 7{1)— -7 (u) =0 . (II-34)
J

Therefore, following precisely the same argument stated for the
function §3 (z) (Eq. II-25), we conclude from Eq. (II-34) that the

function
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is identically zero, or

G, (z) =P (2) 7 (2) . | (11-35)

Substituting Eq. (II-35) into Eq. (II-28) and utilizing the Plemelj

formula, we finally gain the solution to the Eq, (II-16a); i. e.

G, =0 W r@" -®wrw" (11-36)

In the next section, the results obtained above will be used to find

the expressions for\t?o and GO.

3. Expressions for GO and%

As a first step to determine G0 and }?0, we re-express (¢,
which is defined by Eq. (II-7), in a more compact and convenient

form; i. e.

¢ (=2 Dy Ty &v) -5, kv E @], (@-37)

By performing the barring operation on Eq. (II-37) then
s hE W 5 6 T
€ (w) ==5[Dy (W) Fyy" " () - Dy (w) Foy ()] ;

or by using the related Plemelj formulas

B, w=5,") w -5, @ ,

and

Fy @ =F,") () - Fy (

u) =
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then

=25, WF " w-5,7wFDw, @
k

Presently in Egs. (II-37) and (II-38) we utilize the relation

which was derived in the first chapter. As a result, we obtain

¢ =L, mF " &y -aG Y F m+F ),  (0:37)
k

and

Tw=F, )+ AQ) fo("‘) (W) - A*(u) fo(“‘) @ .  (I-38a)

By introducing the notations

F_ (1)
Py (0. k) = 2 5
atk-y)l
and (11-39)

F. (u)
- 0

pn (0) = ———

0 awl?

we may cast Eqs. (II-37a) and (II-38a) into different but convenient

forms; i. e.



e 21 kv | _
kY ¥ ag-y Fo )+ pg ) a*K-y)  (1-370)
and
= (-) = (+)
T F' /'@ F, (u
_SW 2 )+ 2 S0 T ) (11-38b)

A* (u) A (u)

Having completed the initial steps above, we proceed to find an

explicit expression for T(+). Through Eqs. (II-32) and (II-38b),

we find

(+) , 2 B lw) Fw) ,

! (5 " 2m du (' k"'}_’l-IE) AXu')  ~  Af") +p0(u) .
(11-40)

The first term in the square bracket has no singularity in
the lower-half plane, and in addition it vanishes at infinite in that half
plane (this also applies to the second term in the upper half plane).
Therefore, we can employ Cauchy's theorems to evaluate the inte-
grals by closing the contour with a large semi-circle in the lower

(and/or upper) half plane, and find

fo(” @S'l)
e

0 ande?0 can be obtained as follows: .

) (k-v) -2 50(+) (k: v) - (11-41)

Now the expressions G
As a consequence of the fact that EO (u) is real, Eq. (II-10)

reduces to.
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2i D (n) N
A G w) Gy =t )+ —a—T, " oy (11-10a)
k

Through Eq. (II-35) then

. D
6, m-—t 220

sy K aky

but from Eq. (II-23)
(+)
28
A 1 .
Therefore
Gy ) = = I p ) 7 v (11-42)
alk-v) k '

Substitution of Eqs. (II-37b) and (II-41) into Eq. (II-42), gives

Go @) = py ) A* k) + D, 5, Rv) - Fy ), (w-43)

k

In Eq. (II-43) returning the suppressed argument k, and defining

Z (0,5 =p. (1K) A* ®R-v, 10+ 22D (0,107 (k-v, k) (11-44)
0 ~ 0 ~ — k2 0 ~ 0 —

We finally obtain

~r

By taking the complex conjugate of Eq. (II-45) and changing n to 1",

we find
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GO* (77':,1.() + FO (n') = ZO* (TI',B) . (11'46)

Finally, the expression for\(?o can be obtained by substituting Eqgs.

(II-45) and (II-46) into Eq. (II-4); the result is

1 n', %) Zy m,K) - Dy (0,k) Z,* (', k)
\g (77,77',,, = 9 ~ (11’47)
Tk kv -k v +ie

Now, Eqs. (II-45) - (II-47) show that we have expressed the
unperturbed pair correlation function in terms of unperturbed one-
particle distribution function. In the third chapter, we shall use
these results to simplify the quantity G which is needed in the

kinetic equation.




Chapter III. Explicit Evaluation and Further
Reduction of the Expression G

In the last chapter, we obtained the expressions for G0 and\(?o as
functions of f 0 (the unperturbed one-particle distribution function). As
suggested there, we shall utilize the results obtained to eliminate the
quantities GO and QO from the expression G which is given by
Eq. (I-71). As a preliminary procedure, we shall introduce some
short hand notations, and collect all the necessary equations (which
were derived previously) as well as rewrite them in somewhat more

suitable forms.

List of notations:

1 {

e
Uwm', k', k) = 47T21——'15 1—7-((17 , k+Kk') , (OI-1)
eo' eo'
D,(n', k) = m, o Do k) 5 py(n', K)E— m_ pem's k), (I-2)

- +)
Zo(, ¥) = po(n,k)a* & v, k) + 2D (0,105, & v,k) ,(TI-3)
0 0 ~ kZ 0 0

]

e
' = o * ' -
Y,(n', k) m_ Zo*(n', k), (I1-4)

(-)

-w-ku_ 1 = —
B(u, —x g lk'E

—ku) kv’ ,1_{,)] ° (III-5)

—~

(w,k, k") + kE )

We had the following equations:

43
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Zo(n3 E) = FO(TI) + Go(n ’ l's) ’ (HI'6)

G ya) - —DALRIZo1.8) - Dir 1Zef14)
CUUE TR (R -y +ig) > (m-7)

A~

PO £,£)= G, (7,4, £)

{w[ I+ Gl AU & 4)- %g%ifo }

17
{ k<& (I11-8)

GO k&) = - €17k, K)
— ) k. , / , . l
S, =t 4, 8)-K g p ) Ak g

= (-~

Z.Do”'71~ du ‘P(u) w_&u)é ﬁ) B, - éu) (I1-9)
KA ) (w- ﬁv w’kqijA(u)) ,

where we have used the notations just introduced above, and have sup-

pressed the argument k + k' in E .

1. Elimination of G0 and ﬁo
In Eq. (IO-8), we replace G0 and ‘é;o by the corresponding ex-
pressions given by Eqs. (III-6) and (III-7) respectively. Then Eq. (III-8)

reads
P(n,n",k k') =€'I(n,n',,ls,g') +8Mm,n",k,k") + {

where
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S('q/’?;ﬁ &)E lzo('q}&)u(,?)é fe
| Ll Di( &) Zo(1,£) Do(’?»ﬁ)Y:.(”?’;.é)JJ (Im-11)

By defining

Sr(TI, "7', lf’ lf') = S(TI', n, 15" E) (HI'IZ)

then by means of the appropriate definitions, we have:

S.m, u", k, k') =S@", n, k', k) , (IT1-13)
S, u', k, k) =5@", w, k', k) (II-14)

and
E(ZG,_)' @Kk K) 5" Z)'“’ KUy, K, k) (IT-15)

The new form of P given by Eq. (III-10), with the aid of Eq. (III-15),

enables us to cast Eq. (I-9) in the following form:

G(”?),&),@;) = 9 (’Y])ﬁyﬁl) - 6(07) ,é;,é:)

% St kL 4 £ 8.5ty okt g gy Koy 4
0.) kM k) ’7) 1?/ ,&: P2 R 27 7 ed
- - —w-fu (II1-16)
___L—'za‘- S(u'/ “ &u’ ﬁ £’ +S (u) 'ﬂu/ %) B( ) l u
’k’é (- QV)A( /éu ’é) )

where
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— (=)
0n, .02~ G, 00, 0 g )/ A =pE )
=7 _o-tu /
Z‘Dom,f*’:) dU. Yffl(u ,7___ ? ,{:, 7 ﬁ‘, )

2Dl 14) (U i (I1-17)
(u-£) A\( %:A*,%)A(u;k)

£k

We recall that ﬁl is the initial perturbation to the pair correlation
function.

Having eliminated the G0 and go from the expression G, our next
task is to simplify the obtained result. To achieve this, we need the
explicit forms of §(_), §£_), and g(_’ ). In the following sections, we
shall derive them from the appropriate definitions with the aid of the

symmetry relations, Eqs.(ITI-13)— (III-15).

2. Expression for S and §r
To obtain S, we perform the barring operationw.r.t n and k on

Eq. (III-11), and find

a— 2_

S, n',k, k" = (1k“) 0

lzo(u, k){U(T’ " E,"E)'E —a_V—' [Dl(n ',,lg)(u-g- Y'+i€)-1]}

~

2-15 (g2

@D E v 0 -k ye107] L @g)

To advance further, it is necessary to introduce the explicit form
of —Z_O, which may be obtained from Eq. (III-3) by the barring operation,

2

= _ %= , . _(*)
Z(u, k) = py(u, k)a*(u, k) +I{—D0(u) po(, k). (III-19)
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By utilizing the previously derived relations,

%Bo‘“) = A, k) - A*Qu, k) (I11-20)

k

and the Plemelj formula

_ (+) (-)
po( ) po(u) - )Oo(u) ’

we express EO in such a form that will be suitable for later calculations;
i.e.,

(+)

Zote, 10 = Ayt KA, 1) - Ao, K)A%, K) - (-2

With the aid of Eqs. (III-20) and (III-21), we may cast Eq. (III-18) into

the following form:

S( U, '7: ,é)fi)
i = (4 - fo! é = (j'__é_)__
:ﬁzm ()M, %)A(u,?e)-ﬁ(@&)&(&:ﬁ)ﬂlﬂﬂ,é&) 'E'a’i’[u 1@2”’,5}}
NEERAUAS TI1- 22
: D M { )
+2‘L;['TL[AW;&)”A¥(W&)] % L u- {éxuej

In Eq. (III-22) interchanging k and k' and changing 7' to 7; then
using the symmetry relation, Eq. (III-13), we get
Se(7, w k& /
=7 g}fom DAL - P{u fa)A (w, /)}{U/’I,&,NI) 3 \‘.—g@%ﬁ}

o [A(u £) -k ] [__!‘_“L_&_l (I11-23)
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3. The Expression for S( »7)

With the results of the last section, we shall derive 5(_) and then

s, By definition

2 W-w+ie

S, 74 &)z—l—gd S A,4) (w-24)

Using Eq. (III-22) for S,
- (=) / ’
S“*)"/ "é 7%-)

(B B0 AT £ [DIk)
2’“«80( T4 (U - U +€) IU{ TEAE 5:"«[“ 'ﬂé} (III-25)

[AWL) - Nl b) 4)] (7, &)
+(2KL)_Sdu (UW-u+Lie) an[ gvue} .

The "initial" terms in the first and second integrals are analytic in the
upper -half plane, and in addition they vanish at infinity in that half
plane; therefore, they contribute nothing to the infegrals according to

Cauchy's theorems. Consequently, Eq. (III-25) reduces to

=

, ’ u% 1!
S(Wﬂ/é)—é)_ ZMJd “"Zg( -U+4 @) U(7/"é”é)

+— ’
2L~ oV

1 E‘B— &uA 'k)[(nk (MéD(vﬁ )- (1 k) Y(v {@] (I11-26)
(UW-U+i€) (U’ _’%x +2€)
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Again, the first integral can be evaluated by the residue theorem,
following a similar argument as above; while in the second one, we
substitute Eq. (III-4) for Y1 and then add a null integral

F. (")

27mi

1
' -u+ie)u' -

du’

&>

- vV + i€)

in the curved bracket. As a result, we find

St 14,6 = (TR o, by A 1w, U (7 £,8)

WD)~ =0 1 FEoY[AWE) ]
P2 Aul 4 7UT & [P(“)"i ‘ﬁ@xf@]_zm ALy k) -t (III-217)
~ (W—w+ie)(u’'- By'+Le)

A
Since there is no singularity at u' = k - v', the only singularity possessed
by the integrand is at u' = u. Therefore, by closing the contour in the

lower-half plane and applying Cauchy's residue theorem, we obtain

Stun b= (k) B k) N U, £ )

/7

¥ - ’ .
wWeROEY o 5, 7 EM) Atub) X
_E.B__ & TE [PO‘Ll ?o(f%,é] ZT'L ) -

~ oV (u—%-\/ +AE)

(I1-28)

~

In order to utilize § (7 to calculate § _), we re-write Eq. (III-28)

in a more compact form by defining

A -
Liu, 7'k, k') = (rk?)” {U(n KB -E 55D, (", K)u-k- g+ l]})
- (I11-29)
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and by using the definition for Y1 [cf. Eq. (III-4)]. Then Eq. (III-28)

becomes

"_‘\

\(u ’/,/é,,{g /f(u,k)t (cl Q)L(LL )

‘ ' . (111-30)
E 2 [YJ (74) - FO//A(u, )

By definition

(—’_-)w -ku
u, W - Xu

' (-)
0 , k, k') = K Jdn e 'S(u, nk k") (&' v'+w+ku+ie)

2mi (II1-31)
Hence, by substituting Eq. (II-30) for §(_), we have:

— (_- -—)

S, """m, £, k)= —rli— [Yu %)Jo(’(&ri ( , ) )

&'t +kutie

' Y (1 4)- F o'/, k)} (I11-32)
AATINIR R RS +§-T(—5 BA o T

For convenience, we use the Plemelj formula to write
— —(+
77

and define

‘ /
O Cwrhly o 1 Vgt 3 ) L) (u)‘7,é}£g)
(w=gt) = TLLSMC‘ (@,’md@uﬂ.e){r"(u L

) » (ITL-33)
Z‘M Y ‘:Yi (7) (b( —é%'-#-llé) ]}

2
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w+ku, _ 1 . k' ' '
bt(uy k' )_ 27i dn eo_ (’ls"ﬂx'+w+ku+i€) L(u,17 ,’15,’5) s (III-34)

27i

-1
' w+ku .
[E BV (k K +1€) X s

+)

w+ku 1 2 ~ -1
Au, K )‘( ) dn 'eo Fl(n Nu-k-y'+ie)

(II1-35)

where in defining )_((+’ , we used the fact that the function L[defined in
Eq. (III-29)] is analytic in the upper-half of the u-plane. In terms of

these new notations, Eq. (III-32) reads

- A (u,k) [}(+ Y, € Jl'{.ku) P, k) oL (a, w+—ku)] : (III-36)

w + ku

In Eq. (III-36), by interchanging k and k' and then replacing u by

- (w + ku)/Kk' (in this order), we immediately get

s ek e k)

_¥/-w-ku _, (+,+) - w-ku | - - w-ku
A k)[}( (T’:u)_po(—_kr—’k{m 36-a)
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With §(_’ - in these forms, some of the u-integration in (III-16) can
be done by contour integration. As shown'inthe Appendix, we have

the following result:

. —o-k =¢o) R L‘i/
- ZDOW’%)JOWB(M) w&' u)—S(U) rﬂ)-T’kLL;l'é;&)'[

U~ (WA |
£

{t. H " n-l—l\"-\"

= "’“DO(V//“ MO k% = o)
—‘ “ A :@;_{é k ) (I11-37)

) T Y & & 5
~3DQQ¢K_) du C(u;wjl t A(U; JU(U%'Z(LL o2 u]‘ [ T —(w+ku)/(\k

kot (u-h) A &)A’ (u, ) o

k‘_’kl .
where we used the symbol [u - - (w + ku /kx to mean the following:

in the immediately preceding square bracket, the arguments k and k'
are interchanged and then the argument u is replaced by - (w + ku)/k'

(in that order), and

w;.ku)f B(u, 'wk—'.k“) -Afe, LHEY) pgr@ oK) (m-38)

C (u7 k'

4. Expressions for §(_)[17 , -(w+k - v)/k'k,k'] and

57, - k- /KK

As an introductory step in deriving the expression of
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§9[n, - @k W/K,KK, we write S(n, 7 "k, k') defined in

~

Eq. (IIIg11) in terms of L. This is done by using the definitions of

the functions ZO and L. The result is

-1 2i A
S(m,n",k,k') = { [ & vm] 7 R + B 5DE - v,k D ,5)}
k

>

L& - v, 1',)kk) + @k}

?

By definition

g(')[n, - ((.() +K¥)}§’ E:)E _Ejdnve ' S(ﬂ,n',},ﬁ,,ls') (III_40)

k' 27i o(k'* ¥'+w+k-y+ie

Substituting Eq. (III-39) S, and then utilizing the definitions of Eqs.

(ITI-33) and (111-34), we find

s, - k- p/Ks K K
-[ad- 0] 7 FymL IR v, @k - p)/k] (I1-41)

R S
k

Now the final expression which has to be derived is

_(-)
S.[n, -(w+k" ¥)/k', k, k']. By definition

S -k 4 £

k(2 / ' ’ Loy +ie) (IT1-42)
Eﬂzjgu 5r(n)u/£}£)/(£u+w+~'x+/,e
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Substitution of Eq. (III-23) for §r (n, u', k, k') in above equation,

yields

g;__)[«y]) ~(wtk )& !@;,‘é/]

— ), 10 =& . ] )
1 du,\%(u;&)[\(u,%)—ﬁ,(ujlé)&'(u;&)] (U( gl \ ‘Dlm,ﬁ)x
"mj Th v wtkysie) |0 ro% FaLlu-Ryse

£ w-Tv vie

N ﬂ " NN

21k (Hu'+eo+ Ay +i€)

3\: Yi("?;f;’)} (I11-43)

Following precisely the same argument and method in the derivation of
Eq. (III-26), we find that the initial terms in both integrals have zero

contribution; therefore Eq. (III-43) reduces to

g\.:_)[y]) —(co-l—@%)/&') .g‘,)';{ﬁ’J

g A B
2me LEYCATETARY SVAS

U, £,8) (III-44)

LM

, Kwyk) ._9_.{21‘,?0%1&')])1(’7&')-‘1'2\/.”/,5)}

1 )2 J
+ [—— du - ; -
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Following a similar procedure as in the derivation of Eq. (III-27) the
first integral can be treated by the residue theorem; as for the
second integral, we introduce the explicit form of Y1 [ given by

Eq. (III-4)], and add a null integral

27i u’ k'n+w+Kk - v+1eE' avu ’R'-x+ie

to it; consequently Eq. (III-45) changes to the following form:

Seln 2k b f)= a0 (R ) B Tk K 4

~ )

y ) —) L
T AR NIR uL*—ﬁ(,’{;?fxc,h.u )
»/Kﬂdu(um%mgt 1 T (ITI-46)
Rop[Bw 8)-K by, )]

2L Ay 40 (w'-Fg + L€)

A
Now it is clear that there is no singularity at u' = k' - v in the inte-

grand. Consequently, Eq. (III-46) may be re-written, for the sake

of convenience, in terms of Y1 as the following:

Sy, 1 f)= Tl R (R ) Um A 8)
AN

:(—1_2)2 du' %A*(ufk ) '1% (Q&Dj .7,&\,) Y1(17£ m-)?) . (I11-47)
20 ) e (w-Ky-Le)

the integral can now be evaluated by the residue theorem, following

zm
z°<’\

the same argument which we have used so many times previously.

Then Eq. (III-47) reduces to



where the "operator' Q is defined as

o 2 ) I3
Q'lX] i {[w\*%f}s')%ﬂe] [co+(BtErY +£e]’} X. (HTI-49)

5. The Kinetic Equation

The results just obtained in previous sections permit us to ex-
press G as a function of fO’ ?, E, andﬁl. By substituting
Eqs. (III-37), (III-41), and (III-48) in Eq. (III-16), we get (returning

the suppressed argument, w)

GO E w)= Ok k,0) -4, K w) - LE-Q[ Vi (1 )]
S?, £ “ &){ Ut gh+E :@[D.m,{e,ﬁ]}

(E-a[ROEnEL 0)- i’;?(":é Uk “’,:,‘V} m-50

I S
LY(-%&&,::)(

bk
_ Zl?o{Zﬁj'du C(u aﬂ'ﬁu) 'I'[A (U, &)Po(u &)»Z(u ] [u-» -—(wi-/euﬂ;l
K€ ) - B A(=2R ) A(, g
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with

E=Ek+k', )

At this point, we are reaching the final step in the derivation of
the kinetic equation. We now return to the Eq. (I-5). The form of
this equation prompts us to change the arguments of G from k and
kK'toK=k + k' and - k' respectively. By doing so, the G takes the

following form:

Gk, 8 0)=901, K4 ) -E (7K, 4. w) -4 E- Q[ Y (7 -£)]

~geh ”“'N Mk Uer, 8,40+ E-QDyy ‘5’]}

/ { zx Fm) 22
e ) o, F(’7)] 6(77/~}~ W) 5 QZ(W “*’5 }
A( wk’ ,k) ’ (I11-51)
K-k
e, (4 o [ Rl 2]+ [u-r—(mku)/%f}
ke R KON [ (uk) ,

where the operator Ql is obtained from Eq. (III-49) by replacing k
by K, and k' by - k'; while E now is /]:3/(1;:’, w). Using this expression

for G in Eq. (I-5), we obtain a linear integral equation for? ; i.e.,

(co+é-x,)37('7&w)=xj7(°7&) z-—gE(/éw {:(47

4 £
'_57_{2_77]; lé e VG(')?K/ )W)

(I11-52)
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This resulting equation for ’J— is the transformed version of the
desired kinetic equation. In general, this equation is in nature simi-
lar to those equations which usually appear in transport theory.
However, this equation is valid for inhomogeneous and/ or arbitrary
frequency systems. Furthermore, it includes the two-particle
correlation effect. Therefore, it is suitable especially in the
determination of the high-frequency transport properties of a plasma,
as well as in handling the correlation effect on the damping of plasma
oscillations. We shall apply it to derive a generalized expression of
the high-frequency electrical conductivity in the second part of this
thesis. As for its application to the problem of correlation damping

effect, this is reserved for future work.




PART II. APPLICATION OF THE KINETIC EQUATION.
Chapter IV. High-Frequency Conductivity of an
Inhomogeneous Non-isotropic Plasma

1. Introduction

The classical electrical conductivity of a plasma has been de-
rived by many authorslo—ls. Their treatments usually started with
either the Fokker-Planck equation without collective effects, or the
generalized Fokker-Planck equation (including the collective effects).
The derivation of the former equation is based on an analogy between
the motion of charged particles and the Brownian motion14. This
approach assumes that the characteristic macroscoepic time scale
is much longer than that for microscopic fluctuations (which are of
order of the reciprocal of plasma frequency). The derivation of the
latter equation is based on the Bogolyubov's adiabatic hypothesis.
However, in a high-frequency field, both the one-particle distri-
bution function as well as the joint two-particle correlation function
are oscillating at the driving frequency. Moreover, a plasma is
capable of sustaining macroscopic oscillation at or above the plasma
frequency. Therefore, the electrical conductivity calculated by the
methods mentioned above is not valid at high-frequency. This fact

initiated new approaches to the calculation of the high-frequency

conductivity of a plasma.

59
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The classical approach to the rigorous derivation of the high-
frequency electrical conductivity has been treated by using Guernsey's
equationls, and by employing C.S. Wu's operatorla’ 17. Nevertheless,
all these results have been established under the assumptions: (a) the
system is spatially homogeneous,and (b) the unperturbed one-particle
distribution function is isotropic in velocity-space. Furthermore,
the approach based on the application of Guernsey's equation im-
plicitly assumed that the unperturbed state is in thermodynamic
equilibrium, (i.e., electrons and ions have Maxwellian distributions
with equal temperature). In contrast, we shall derive a general
expression for high-frequency conductivity which is not subject to
those restrictions through the application of the kinetic equation
derived in Part I.

We shall show that ocur result reducestothe results obtained by
the previous treatments, if the proper assumptions mentioned above

are made.

2. Scheme of Approach

As a preliminary procedure for deriving the high-frequency con-
ductivity for an inhomogeneous and non-isotropic plasma, we look
for the high-frequency limit solutions to the kinetic equation derived
previously. By high-frequency limit, we mean that the driving

frequency, w, is much greater than the collision frequency, (1/ tD)’




61

(where tD is the cumulative 90° deflection time defined by Spitzer14);
i.e., th >> 1. For simplicity we shall neglect the contributions
from the initial perturbations by setting @I and 3(1 to zero. Then our

kinetic equation reads

3((77,,5’(‘0 =
e (Iv-1)
i
m of ,(n)
o ._0 1 - S K
wrk y+10|F oy T2 | K T 6K -k @)y,
~ o~ ~ 2171 k ~
with

G7, K, K )= =€k, K w) - i E81[ Vi1 5]

J

| ‘ {)-2 F/'» 5, Ky

2’2% :w-—KV ‘é){ /U('?[N ,V/CU) ‘|‘ ,@/1I::D1 (7]/',él)

— -4
1K) du “”(“ M(uk)f)(uk)z/“ ] [:—»-@HZ)A%J

_ 2D
KK ), (u—,fs-y,)A* (ks £) (k) )
and
E=Ek w)

An exact solution to Eq. (IV-1) is too difficult to obtain because
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of the complexity of the equation. However, in the high-frequency
limit*, approximate solutions may be obtained by an iteration procedure.
This is possible due to the fact that, in this limit, the collision term
(the terms containing G} is of order (1/ th) compared to the other terms.

Thus, to zeroth order in (1/ th), “F is simply given by

e
. O 0
-1 m E(l,& (0) ‘ é}, fo(n)

Q

(Iv-3)

(w+k° v+ ie)
lad ~

In this order of approximation there is no collisional effect,

hence we must proceed to next order in 1/ wt To this end, the first

D"
iteration is obtained by substituting Eq. (IV-3) into Eq. (IV-2). We
0

( ))

thus have an explicit solution for G (which will be denoted by G

as a function of fO. Then this G(O) is used in Eq. (IV-1) to produce

the first order (in 1/ th) correction term (which will be denoted

by '3’(1)) to ? ;i.e.,

e
9
1) _ -1 m; k' 9 (0 ,
?" (777,1,53 )_znz (w+,l§°x+i€) d’l\(l ‘Lk'z'@c (TI,,IS,'}S,G)).(IV-@

Then these ‘"}‘0) and #1) will be used to derive the desired ex-

pression for the conductivity.

R _
A similar treatment for the low frequency limit is also possible.
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(0)

3. Explicit Expressions for G'’ and ?C(l)

Substitution of Eq. (IV-3) into Eq. (IV-2), yields (suppressing the

argument, w)

2 0oy | 1,0 (0) N
. '\/’ kY —_— _k - 1
2P /,Lk (n,K, k') + E k)
1 ( ( (0)
| F.m)|+ £ 7/(n,K,-k")
w-X-¥ ., X, e QIL 1 J C 20~
ax( = k')
_ 27 Fo(n) 7(0)(1% v +§_v_)[
k' AK - v,K) &= ~ K
~ J
/
[ pl SR - w_rk_bij [Ke=-E ]
2 i;(’f}_fz‘”)!(., (\,((.t,',—g'ns‘ (14, KD RS ) Luv-e m')//,
v;‘/ K.’_ Ix Al ) — = - -K K ; 5
B (u=gx) /) (== “% L,,\,)A {L{ K) ,
i (1v-5)

where the superscript, (0), indicates that in those terms “£ is being
replaced by ':{(0) . Having made this substitution, we immediately
obtain the following results through the appropriate definitions and

some algebra [ detailed steps are shown in Appendix Bj:



(@) (), KU
dLl——;"C_¥(u(;:;_Ku:/(/ )
o URLAEES O Aluk)
’ 'é, /) A
_ kg Jd?/ I A

y (IV-6)

(Ky-gx —ce)

’v / g )A*f(—cu%x K)
—gV+w+1g>c+ué) ,
F,(n")
h, (n',k) = 5 (Iv-1)
(w+k - v'+ i€)
(b)
(o) Ku

2 EY [k K R+ (% K)b(n4)

- ﬂ;‘ﬁ' d7]€°. (_g v’+w+Kul+,¢e—) (Iv-8)
_ Adi Kk
(Ku-Kx'+ie) | -
where
D,(n",K)
d,m"K, ; k)= . ,
(w+k - v'+ie)

(Iv-9)

Or by defining
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w + Ku
/’%1( ’ k' )
(Iv-10)
A
5. S T R ,{Ndﬂ". K, k) +&- K)b,(n",k) ) k'd,(n",K; k)
K27Ti o (-k'-v'+ w+ Ku + i€) Ku-K- v +ie)
| .
then

(u, wl-('ku)___E(O) gl(u’ i"_%@) . (IV-8-a)

In Eq. (IV-10), interchanging I~( and - k' then replacing u by

- (w+ Ku)/ k', we find

L=, -0

T_ﬁ_i_f?:ecw LR b k)

A ari -
L (5,\/, KU+ LC) (Iv_lo_a)
Kdi(?}) £I ) X
(—(,O—KH'I'% v, +,cc) |
(C) d oMl | 7
€%, 8,804l 3 5 et 0 7 U x 4
(0) l . o - f0) ,
+E Qi[Dm E)J} +A¢(,¢UZ$% / gl,w.)vdﬁm)}i-g (7,5/1%

m{HEm -Y. 0 fé’J)/(w w420 + Tl 4 Ry £h)
”.Po( —;K)C &' [ﬁ'dj{'y —2./'& +(1@'£,)b1(7fé)]}

~ ,ql
Pt

(IV-11)

.
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At this point, it is advantageous to condense the long tedious formulas.
After examining the form of G(O) in Eq. (IV-5) as well as the results

which appeared in (@), (b), and (c), we introduce the following nota-

tions:
RL\ i), \,,f: = t"" | F.0) Y1(7) k)_}} w+faV+Le)

Uo MU ST IR E= 0 JRURI e

(Iv-12)
+ %'@;’)bm@]}
/ .« p/ % ey .l._ﬁ,,____ - ___:]‘___.__——\X
Bz(’?,ﬁ,l)z Lﬁ’gli{ ) ~) A‘V(_w’/;/)(.x/ fé/) A‘((‘gj‘,\é,'ﬁ/} ’ (IV-13)

Rsl0,%,4)= 7 Kk w/“w)/g K AGRYK),  aV-14)

~ NV

Runx, &)= 2P0 Jdv]e b £>f XA “4)A'(5~,zj

(KY=K¥-L€)

YRl —C /.; _ IV—15
n KM(:&%,%)A‘( 4] V1)
(K + 0+ + ce)

(IV-16)

Pt gy 2208y L | Tlok(u =
25~y ~ =T[-A’K2 u(U"E‘,\/,) A*('w%f”,ﬁ)

-Po(-CO KU % Q (:—6-07}@',—“)
L (u,K)

In terms of these notations, Eq. (IV-5) reads (after returning the

C
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suppressed argument, w)

S
G(O)(n’gy__ls',w) = E(O)q{/’ Q)) : Z Rl(n 7,1\?, -5" w) . (IV'17)
i=1

By the substitution of Eq. (IV-17) into Eq. (IV-4), the first order in

1/ wt_D correction to ? becomes

Fin, k)
b e\ é/ RITTRY R.(m Kk £ w (IV-18)
2 (ki) P %2'>Mi£‘g»‘°)}2:1 Sl 674

High-Frequency Conductivity

Having obtained the zeroth and the first order approximations to
the one-particle perturbation, the next goal is to find the correspond-

ing order approximations for the electrical conductivities.

By
definition
'\]l(l,?)w)s dneo,‘{, j’ (n:k)(‘)) ’
Utilizing Eqs. (IV-3) and (IV-17) then
- err 9 ( -}
(0 o L Lk |
0 (hw)=E, ) [dpey [— N b (Iv-19)
~o P +EY, +4E J
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r /
'(1) (0) l‘peoL /m Nav Rﬁ(n/N/ r, )
— e, Mo 2
$ =5 e jdf‘? B T e eie) )
(Iv-20)
where

5
= Z R, . (IvV-21)

i=1
Now, by comparing Eqs. (IV-19) and (IV-20) with the Ohm's Law,

j=E-

~

ta

We finally obtain the zeroth and the first order approximations for

the:desired conductivity:

: d
P 27 .

J Wty e (tv-22)
/
o ' oy » 3\/ Rk, %, )
( J)= 5‘& Y d € L=
DE 7(2 N 7 wthy +LE o av-23)

and

glk, @) = %(0)(1" W) + g(l)(k, W . (IV-24)
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From the definitions of the R's [cf. Egs. (IV-12)-(IV-16)], we observe
that they are only functions of fo, Kk, k', and w. Therefore, for a
given form of fO’ the electrical conductivity tensor can be calculated.

Finally, by comparing the present analysis with those previous
ones which were treated by Oberman, Ron, and Dawson16 (hereafter
denoted by ORD), as well as by C.S. Wu, and Klevans 17, 18(here-
after denoted by KW), we may list the distinguished features of the

present work:

(1) The spatial inhomogeneous effect is taken into account here.

(2) The isotropic assumption for the unperturbed one particle
distribution, fO’ is not used in our derivation.

(3) We obtain an electrical conductivity tensor instead of a
scalar conductivity. Furthermore the form of the applied
electric field, E(r, t), as well as its orientation is not
specified in our analysis.

(4) Our result applies to systems with an arbitrary number of
species. In addition, it also applies to non-isothermal
systems with arbitrary unperturbed distribution functions.

It should be mentioned that the last statement does not apply to

KW's18 result. In the next section we shall show how our result will
reduce to those previous ones, if the appropriate assumptions are

made in our formulas.
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5. Spatial Homogeneous Case with Non-isotropic { 0
The spatial homogeneous case corresponds to k — 0 limit in our
result.. By taking this limit our result reduces considerably. Then

Eq. (IV-23) reads

k?

or integrating by parts,

Q“((Z): - -—* dk hjd?;e —5@3(7/%/, £ w)

g(i)w) o200 jdﬁ Ed eCY’YY\G- /’Zé ﬁ w) . (Iv-25)

In Eqs. (IV-7) and (IV-9) taking k — 0 limit, we find
/ o / 2
S b= R/t

di(”]',L{;g)-—’di(”7:%/)=D1(77,'ﬁ,')/6& ’
(Tv-26)
b gy bt = A antl@E )

Then Eq. (IV-10) reduces to

D &) Dyt {3)
v o+ B utie T pu-Beie)

Liofty= 2 5 ey
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thus the barring operation can be done with the resuilt

o wii K [ =™ =® co+(»’“_)-i
Q(u;——jk?-",: w: LD' (u) - Di ( b | (Iv-27)
Similarly, Eq. (IV-10-a) reduces to

N R TR ;’/g SRR CO*@)_(

AT, T g - T (IV-27-a)

where the identity Dl(n ,-k") = - Dl(n ,k')has been used. Conse-
quently, in k - O limit, the R's defined in Eqs. (IV-12)-(IV-16)

reduce to the following forms:

rt £ ¢ I'\'“ . /
) | (Iv-28)

2 t 750 A, S !f — ’é,‘(’, 7\ AN
ol G o iﬁ? T £ ! Dy (%)

gW L. e A

_ - 1

Por b -4 = ’;/g“ f w\ ‘;é":““’}‘g?”v" T 7 (IV-29)
L2l T )= S I Nkl g Ny [

A*=1 +—gizﬁ(_)
gd 0

then
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..w—ﬁV 2~
Raly 6 -b=keFi [E? =2, 2 ADOQ( éﬁv)]
A O /) (_~/~/ /

(IV-29-a)

R'g( &/"g: 2%1 [
K3 %,7k) vy o) [y(:c—o—"ﬁ—ﬁ)[}(é’v

~ ’V/ (IV—30)

Raln & -8)= 2k % Div%) U ey ’N/A—‘—“—’ﬁ—ém(é §)

= (&P 214 kvl gv Lé)

(Iv-31)

S R/ e B )
+\dned

(—R-¥'+ o+ Y +i€)

In the second integral, we change the dummy variable of integration

from n'to - n'; then we carry out the barring operation in Eq. (Iv-31),

and find
’yr X, ., -1 - —
oo 2EK DR o) | Fw  REw
el %)= (0 2k B 1) fyfuvie Kurorbusie]
(Iv-31-a)
(w+&u ]

R ZéDO(M) ﬁ,(u&) —-)1(0') -D,
i =" zcalie (By-urie ff(z0E4 ‘g“

o[, B 05w —D (%‘—“)} _—
(R - uue)ﬂ‘(u,&) .
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By changing the dummy variable of integration of the second integral

from u to -(w+ k'u)/k’'; then Eq. (IV-32) reads

Rsi b -£)=- 222 M)fd L

T f'?)? ( - Eu ;%)
ﬁ ﬁ (Iv-32-a)
) ‘—‘(+) w_;. u e u
o ], D) D)
(%2 M”e) ﬁ',\i +w+£u+xe) .
By defining
o
D, (n,k') = m, D,(n,k) ,
(IV-33)

o

and utilizing the reduced forms of R's just obtained; then we can

perform the 7 -integration in Eq. (IV-25). The results are:
(Ane G"’ Rit7 & -k)
y e ﬁ/.., (Iv-34)
—w-ku [ ,
"(@Sd@f [53 (_TJZ‘—/%) - Jo FuR))
or since by definition
- -BU , K Po(u k)
jdu D, (w) ?0 =7 4)= g][L 4’ Luetotblurie

\m. TolDe (o2

and
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R o R u é)
SduDZ(U))i(‘“,%)’ 27 d“D “)Jd“ U+uU+ie

=yl o)k D, (W)

hence Eq. (IV-34) becomes

queo—%ﬁ 7710‘1,1«)" ')2 ‘Q“?o [ , (Iv-34-a)
— —a) Qu ——()
ed_ /! ‘:D (U)}
gd”e‘”—“?gw R "fjd At m ’

(Iv-35)

zlf)*j‘ ) [Dl%wrgu) EH{“)J

Sd'qe mrd ~ R (7)& ﬁ)"-( 7 duﬂ’(‘w‘&uﬂ)[}( {) ,

(Iv-36)

/g zél F(u)Dl(u) F(—U)'Di( o4l
jdveﬁ‘mo-ﬁ‘*m £/ ~ (wk’)zjdu A(:%-@/&)A }ﬁ) )

(Iv-37)

c —_— 1
SeR bk = - sik |4 Bl
j"”ef el A= T &’ijduzx*(’“’ﬁ’“ §)

)79 5 ookl 55 (V-39
Di‘“)[D1(“> Di :l* D1 )[Di ( )-D, - U)]
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The appearance of Eqs. (IV-34-a)-(IV-38) shows that the k' is the only
factor which has the angular dependence in k'-space. Therefore, by
substituting Eqs. (IV-34-a)-(IV-38) into Eqs. (IV-25), we may perform

the angular integration in k'-space. Moreover, we write

W
P (IV-39)

and suppress the argument of k' in A, A*, and T)O. Then we find that

the first order conductivity reduces to a form shown below

(
) <C\£j4' % u)b —W-li ~D (- u)_\

@ T

Ew|D \ -W-u) —5(— U)]

~0 4
,_ - A( W- u)A/ -U)

Y iw) =3

—F_i(u) F)Iﬂ( W+u) ——ﬁf‘)(;u)} 4 E( u) _D—iﬁ}(u) -_E—:i(-u)ifé— w-U)
Yew-u) A {u) L -w-u) A% (u)

(Iv-40)

=)

—

. )
2L F{ Di(tt DL’“) D,imu)}LD (Wt LDU —w-u) =D 1( u)]
12 o} A ("‘V\,"U)

In the next section, we shall show how our result can be reduced to
the one derived by Klevans and Wu19 by assigning isotropic assump-

tion for £,(1) in Eq. (IV-40).

6. Spatial Homogeneous Case with Isotropic fo
The isotropic assumption for fo(n) produces some useful

identities:



B.(*)(-u)=ﬁi(q')(u) , ; i=0,1,2 (IV-41)

A(- u) = A*(u)

Utilizing these identities, and recalling that

then Eq. (IV-40) reads

T lon= &‘4 DDy w] | Rl DD fveu)
3T’ u)A (u) Aw+u)A (u)

N b(u)[—Do(ww) Do u)] {D, w4U) = DL(M)J
Alw+u) A(u)
- (t)

o; FdolDitw D) 5% Ditwen] |
P Alw+w) Afw) A (u)

(Tv-42)

0(u) and |A(u)] 2 are even functions of u; while 52 (u) is an odd

function of u; thus

Since F

Fo(u) 52 ()

) =0 . (Iv-43)
|A)]

du

- 0

Therefore, by using the Plemelj formula

D, () = By (w) - B w)
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in the first term of Eq. (IV-42), and then utilizing Eq. (IV-43), we

may cast Eq. (IV-42) in the following form

Thn=- 4 (Akj(( 2 LN ACLCD
ey Q) A(u) ANwrw)A )
(Iv-44)

4 Eu)kP (w,u) = F, ()Y (w,u) 24 Folu) Y (wu) CIS(Wu)
Alwhi) Afu) "B s 40) J

where

,,u) = Bj("(u) - BJ?*)(w cu)

i=0,1,2 (IV-45)

¥ i(w,v) = “(u) ”(w+u>

In Eq. (IV-44), we add a null term,

FO(U) ¢2(W,U) - F‘0 ¢2(W,U)

b

AW + u) A*(u)

in the curved bracket. Then we use the relation

AW +1) - A) = —iizi,bo(w + )

k'
and find
oo W &Fo(u)qﬁa(w,u) Rwdinw | Boliyw-Fw o
Qwy=- 3rco3 L Alw+u) Atu) Alw+u Al)
4 20 B w0 Wi, u)—cbz(w,u)%(w,uﬂ}
£? Atw+u) | A w)? (IV - 46)
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Further simplification can be accomplished if there are only two

species, electrons and singly charged ions. Under these two condi-

tions then
Fon)=e_f,n)=e nyt ()
Through the definition of barring operating
Fu=3e nojdx 5 (u-F)l
= % Es nO\/C;(u)

(IV-47)

o = e, ifor electrons and ions respectively. Similarly, through the

appropriate definitions, we obtain

F(UJ Z—L Ylmc( )= % O_‘F() ) (IV - 48)

where w is the plasma frequency of the o-type species by conven-

tional definition;

‘_ (o6-Cs
ANE R 4{7”;{ (u) (IV-49)
Eo(u)=Z€¢ho']5;,(u) ; (IV-50)
o
D)= %47 65 D) (v -51)




—

1 ec'wf)"'\’
42 e el (Iv-52)

Then from Eq. (IV-45), we have

N 1~ () () _
}iwa)=Z €| Bw Dy E ZEMo Vylww)

%(w,u):fiZ@ [j)vof()u) HH{WM)] 24 CQ %,(wu))

s (IV-53)

i 2
¢(W U= 47LZ wgb) w)-D, (w+u)] Zfi—-_i Coo_?%_(n/,u),
\y
- v b)) XH) 1l e 2
‘/)(W u)= ;]“ ; S‘ b<y (u)= D(,(wu}-—Zﬁ WIG.CQG.CPO,/wu)“

By using Eqs. (IV-47), (Iv-48), (IV-49), and (IV-53), we obtain, after
some straightforward calculations, and suppressing all the arguments

[ detailed steps shown in Appendix B]

Fd-Fg==% TN ; [} F 25@9’%]

(an)*

E% - 1 (4_7_)2[@6 wi{ 7‘1{;] 2 (IV-54)

CPW CPW—"(MC)Z[CO Z;U(P wét/{cpe] ’

where

W =W +Ww
1 e
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Substitution of Eq. (IV-54) into Eq. (IV-46), yields

Te =gyt kT e
Sterw)) Aw+u) A w) Awr) A(u)
ZLGYlo(-FeJra( ) Yo, T qb] (IV -55)
. Aw+u)| Alw[*

Utilizing the relations
ket~ b= e b e (fe b TR
O fe¥; - Wit W = -0 Yt fe W)

il tae b= 37 b~ eV b - Y )
(1)

then o'/ becomes

(1) 2 cw fe Cb r& Ye
O == (2100 )Sdkgd {A(ww)zl(u) Aw+w) Aw)

+ 2Ny (‘Fe 'f‘ﬁcz) '{//e (P,;
K2 Awiw)| awl

+ ZGE\SZ@; CM,’ d (‘E;q)i +’§¢e) - ("F:% +1fc;1{/£) (Iv-56)
3enwy Aw)f)  Aw+rwAw)

i Zieﬂo(§+?e)(%¢; oz d)e)
A2 A(w+u) [ Al P
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As shown in Appendix that by utilizing the relations

Al =A(wew) = 75 €N - %]

A(u) =Alwtu) = %z Cno[CR-" (be]

[ (- %) Feld:-15) _
)d ]L\u j\ |A(u)| =0,

the integral in the curved brackets vanishes. Therefore,

” 26 0 ﬁ/%/ AU ZLGVIO,{ (1) +{ “)WI(WU <P!Wu
£ A Al

~ N (IV-57)
‘ 4‘e(u)¢a(w/u) . -P((U) %(w, u)
Alwru) () Alw+u) Afu)

Eq. (IV-5T7) is equivalent to Eq. (IV-14) of Ref. (18) which was ob-
tained by using an operator method. The different appearance is due

to the different definitions:

(1) Klevans and Wu's18 definitions

[ X
DRTYE —47L PR £y,

')
DH)(U) _ﬁu U/Dw(u | /

-UFLE




and

(2) Our definitions

D= —4—1@——";; = fw o,

<o L[, Delu)
Dy w)= s )du" 72 z0e 2

and

XD (. i_
Ethw)=|dr € £kt

In Ref. (18), Klevans and Wu have shown that Eq. (IV-57) reduces
6
to ORD's1 result if the thermodynamic equilibrium assumption is

used.




APPENDIX A
I. Derivation of Eq. (I-52)

(1) From Eqgs. (I-47), we have

1-11 (')(u) l-\z (')(u)

DV D[k,

- 18w - w1/ 2 57w, 0 ) T @ ok w )/, )

(2) From Eq. (I-51), we have

(757 - TH @] + 18,0 -0~ /i k] T @)/ 8O0

(A-2)
k

- e q [ kw/kn k', K/ @,k

(3) Using Eq. (A-1), we may eliminate the factor [I‘§-)(u)/§3(;—)(u k)]

from Eq. (A-2), and find

[r((u) r(u)}{ -if) [ (w%u)//c £ / (w%a)%,ﬁj} (A-3)

—w-k & )
1 /é %( ’w’/éu él ﬁ)- LAz( {: u) l@l(u)—cpz{u)]}
DA AR N7 [tk , 4]

(4) By using Eq. (I-43-a) in the 1.h.s. of Eq. (A-3), and Egs.

(I-43)-(II-44-a) in the r.h.s. of Eq. (A-3), we immediately obtain

Eq. (I-52).

II. Derivations of Eq. (I-61) and (I-62)

(1) From Eq. (I-21), we have

83
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1 4 = a 1 t b "qlg’ !
q(n,g,g)ﬂ&dn e’ T p(n,n',k,K') (1-21)

w+k y+k'-y' +ie)

=27 1 — , v
=ijAdu p(n,u,g,g )/ [u + (w+k - v)/ k' + i€]

;l%'z B(-)[n’ - (w+}5 ) ,.Y)/k" }S’,IS'] (I-61)

(2) From Eq. (I-35), we have

@ 1 , i , /\' ’
@L(U): Z’ﬂjdu m)gd’?qu(“',é'\vf)%(z é,ﬁ'). (A-4)

Using Eq. (I-21) for q then

¥ y Piyn, £,k
He jdu Ur-U+ Cﬁdoegg(u * )HJ?&%% +B '{)}
i [ Py k) g —
"2_71_J0t W=t G)Sd% bl N)JC{766[CQ+EV+£V+ e“ ig Kk }

' =,
:Z_K__jgdudun( P(u H k /\’)

U +xe)(co+»” uebu'vie) (A-5)

(3) Similarly from Eq. (I-36), we have
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& [ ‘é ‘ A, /
T J‘%cw “£%0,£4)

u'-u-Ce

__i__ y) ‘g/‘ﬁl _‘ w+£u /P(?/ f»«llﬁ)

- ZVJJ ' [ '-u-ze‘j’d%‘ 8@” )i 7 (Gt th Y ‘HGJ
AR P00 £ %)

- E{Jdu [“I‘”'ie:I d"]eo- gd ¢O+§> W+ kv i€

Hdu”é(u” »’%V)} ast)

In Eq. (A-6), we interchange 17, and 7', and use the symmetrical

relation,

p(n',n,k' k) =pm,n",k,k") ;

then we find

= zrf«Jdu L& -U- eﬂd’?e 2 w+%u

(A-T)
P(,?ln)élﬁ // -
{(avef(&ﬁﬁx th- v-ne) o y’)}

In Eq. (A-T), we replace u' by - (w+ k'u'"")/k, and u'' by u', then we

obtain (after doing the barring operations)

+ [ :
@;(u)‘—;{ du'du” kP b & —
%umﬂeu +/L€-) (Co-%u v Bu'yie) . (A-8)
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(4) Subtracting Eq. (A-5) from Eq. (A-8), we obtain

&l —dw)

:—-—————— {du/d " r(“ u/ ~ ,\,)

2T (ku+w+&u+wﬂu—u+&f

(1-62)

III. Derivation of Eq. (III-37)

(1) Utilizing Eqs. (III-36) and (III-36-a) for the first and second
terms in the u-integration of Eq. (III-16), we then end up immediately

with

=(-,-

=77 —w-bu . /
yo S T AR Sttt u, 4, 4)
L (UR) AR &)A(u )

(+,+) wtRU 1) _w -bu _
:jdu )A{ u)_w—éu ) + |du }( - )
(kA e (u—;%-,vv)ﬂ(u,é

_ gk
—‘@W XA‘(U,{)?O(U,&)I w+éu /wjéu} [u_) (Mgm}
(u-2 L) w %“ A
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The function A ( wk' ku k') is analytic in the upper-half u-plane,

and likewise A¥ (u,k) is analytic in the lower-half u-plane. The functions
+,+) w+ku (+,+), ~-w-ku . . .

) u, ——— )and W ( % - u) enjoy similar properties

respectively and in addition vanish at infinite in their half-planes of

definition. Thus we can employ the Cauchy's theorems to the first

two integrals by closing the contour of the first (second) integral by a

large semicircle in the upper (lower) half plane. We then obtain

*

Sd“ Sl =2 44055 w4 8)
¢ (u-Rx A=232 1) [(u,b)

_ o Xhy, 22 49
—W~£Y,
A‘(————&, ,%)
_(du A B )t 2 AL, 22 [uﬁ —(w%“)/é}
-; w—MA(-w %“ )N 4)

JC

(2) Substituting Eq. (A-9) into Eq. (III-16), we immediately

cbtain Eq. (III-37).



APPENDIX B

In the following derivations, we presume that

changing k to K and k' to - k' has been done.
I. Derivation of Eq. (IV-6)

(1) By using ",;(0) in Eq. (III-5), we find

2 d . EY R0
o (ZKi)Z 776/( . 'KLHLC)( E-X+w+k’u+,€é)

(2) With the aid of the Plemelj formula

1 1 21r1

the procedure of

(B-1)

K-v -Ku-i€c K-V -Ku+ie K
vl N NS

~

we may write Eq. (III-35) as

A ok l\k ’ {(7) (");)_
"\ £ )=~ (210 () (?] CY(l<v’ KU+((—)’E: oY

2t < (- -y +cotkurie)

L g J ey k& Blu-ELI R0

(3) In Eq. (B-2), by exchanging K and - k',

1
’\-k’x +10+KU +LJ

(B-2)

and then replacing u

by -(w + Ku)/k' (in this order), we find A(O)[ -(w+ Ku)/k', -u]. By

substituting these B(O) , and A(O)'s into Eq. (III-38), we find

88
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~(0) (,\)‘f‘KU)

L (u} K

£ §lu-ky) ﬁg(uw‘——,;éi)l (B-3)

[ i , /
=k dnesEM) 2
M“‘J /& 5 (-§y'+o+kutie) (,/g»z’—)(uﬂe)J_
(4) Since
0

f 1 1
au————— = d ~ p
J u(u—k'v) J u(u-flg'l-ie)

c adiiad -00

therefore, by using the property of 6 -function to perform the u-integra-

tion, we obtain Eq. (IV-6) at once.
II. Derivation of Eq. (IV-T)

(1) By using (0) and the definition of D, in Eq. (III-1), we find
F 1

o DK e,
Ue'-b )= -kE?| 2= 4 (4K b, ) (B-4)
T o (wthytio) 1,
where
E/ 2 3 !
b( Iﬁ): 4—12 (—?—Vﬁr') b:’:’ﬁ(??) (B-5)
Ni 7}~ - (w +£-X1/+L‘€)Z .
Defining

a,(n",K;K) =D, (1, K)/ (w+k- v' +19°  (B-6)
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then

U—(m) £ K)

~Nr e~

= -kgW 3 [ Dif1: &) ~+{ed (0! Ksfo) 4 (kK) b1 0) /)) o
=W Uw k) (&K J )

(2) By using Eq. (B-7) in Eq. (III-29), we find

x>

L7 k)= -4 ’°’{&Alm Ko b)+ (£R) Bitn/4)

P I-( (o +KU = k-8") Dal7'K) Jl
V' (ot X +i€)(KU - Ko+ 4€) J :

In the first term of r.h.s., we write k = (k + k') - k'. And in the last

(B-8)

term, we differentiate by parts; then we find

L% z,N,—fer——— E“”{Kd 0, K &)+ R b4

~

-4 kA Kk) D Dy(M) K )] (B-9)
- (wrkit=gY) (KU-K¥'+4i€) 3,\5'((@+%;v,’+£e)(:<u—1g-x’+ce) .

(3) By substituting Eq. (B-9) into Eq. (III-34), we obtain

Eq. (IV-T).

III. Derivation of Eq. (IV-10)

(1) By definition

> £
[X] {(wﬂe,x, +i€) oYX v (LO+£~X,+£E)Z} X )

hence
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él Yi (7, ’é/) }

e L Y (m -4
-~ E - Z_Ym-
s 'L(w+fg-y,ue) oy L8+ (Wt R +i€)?

Using the explicit form of Y1 in the second term then

el (n -] £ -1
A YimB)= £ L(M“He) A

(B-10)

' Hy0, ) P byt
-tk Z@(—,@fx’{) % d‘ 7RI A %)]'

(2) In Eq. (B-7), interchanging K and - k' and replacing n ' by

n, we find
_%_UIO)(7) ,K,)',g)
(B-11)
_ gl 04 -k 0|
B ’Ev: {(@Hﬂvnc) W:Di ) (% 17}
(3) By definition
%D £FEY —L 2, t Dif-4)  (B-12)
© AT Ntk v (wotpyrep] P
Thus
L F et Lyt ¢ £ 4]
(B-13)

,F{f st oy e Ky, - ]%

/ ) ~fv
/)
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(4) Using =}f(0) in Eq. (I-65), we find

(0) 3
(0) / { E FM)
—C (1,K ~-£)= -
TSRS (w-rjgy,n() . (B-14)

Thus

. (-wi% (g% ]+ €%k, £)

7 : (B-15)
= CEYK R R)/ N (2B K.

(5) By adding up Eqs. (B-14), (B-10), (B-13), and (B-15), we

obtain Eq. (IV-10).

IV. Derivation of Eq. (IV-54)

W F,d = e no(f;t f)]\—g—(%%@‘"%q’eﬂ

41
= Sa(frfowia-ck)
F 4 [ a g e )

- &7 (8 ot ) Rt R

2
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where

(2)

R =[S -] i e )

§__ OJ-F COe'()(CU,c ‘f'COeUJe) )
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@) Y P = L (0 (% 'fwze%)(wi‘ CP,; twe®)

17 (em)
<4m LL\)IL U .+ 00 el WP+ Y )
Wit b

b = S5 gD p)lenati- )]
L (wid -coL ) -)

<ZS“ i

—~2

Ka-g¥, = Ve r W),

V. Proof of Eq. (IV-5T7)

(1) From Eq. (IV-56), we define

I—__: relcbi'r‘g(#e . 'ﬁ% +‘EM
Alwr) A (w) Alw+u)AU)

—--i [Au)(w )—A(u)(ﬁwe#wﬂ

Alwrw|aw)?




95
since

A () = 21e1b(4/ ¥+ AW +u)

k'

AW =25 e (6, - 9,) + AW + v)
k'

hence

L T a)-(EwFw)]

" )|2

2+€No r(%_%)(.ﬁ;da+§¢e)-(¢i‘¢e)(€%+ ?;’Wc)] .

ﬁ/ Alw+w) |ao)? |

or

S v e )
(B-16)

2467% Al -
—’ﬁlzﬂfw-tu)ld(u)lz [('F&'+§e)(%(é 17/{‘ ¢e)] :

(2) Using Eq. (B-16) then

2L€No ~ W
Jolu {I ' Jé?}{wm))ﬂ(u)lz[(ﬁ#e)(%é' %459)]}

— L T d cwr Y+ L (b -
Jdu IA(u)lz[&@‘ Wtk

1=

= Q.

This result enables us to obtain Eq. (IV-57).
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